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Abstract-In this paper, we define a new class of cyclic Kannan mapping, coupled Kannan type contraction 

mapping in  ‐metric space. We strengthened our results with valid examples. 

 

Index Terms-Fixed point, coupled fixed point, Kannan mapping,  ‐metric spaces. 

1. INTRODUCTION AND PRELIMINAREIS  

Let (X, d) be a metric space and a mapping        

is called a Kannan type mapping [1, 2] if 

                            
for some          
Let   and   be nonempty subsets of  . A mapping  

       is cyclic if        and         
 

Definition 1.1 (coupled fixed point [4]). Let  be a 

non‐empty setand        be a mapping. 

Anelement          iscalledacoupledfixedpoint 

of  if                    
 

Definition 1.2 (strong coupled fixed point [3]). Let  

be a non‐empty setand        be a mapping. 

Anelement         iscalledacoupledfixedpoint 

of  if           
 

Definition 1.3. [3] Let and  be twononempty subsets 

of a givensetX. wecallanyfunctionF :       such 

that        if    and   and        if  
 and    a cyclicmappingwithrespectto and   
 

Definition 1.4. [5] Let   be a nonempty set. An 

 ‐metric on   is a function S           ) 

that satisfies the following conditions, for each 

           
(i)           ; 

(ii)           if and only if     ; 

(iii)                                     . 

 

The function   is called an  ‐metric on  , and the pair 

      is called an  ‐metric space. 

 

Lemma 1.5. [5] Let      be an ‐metric space. 

Then                  for all       
 

Lemma 1.6. [6] Let      be an ‐metric space. 

Then         
                  and                   
        forall         
 

Definition 1.7. [5] Let      be an ‐metricspace. 

(i) A sequence        is said to converge to    if 

            as    . That is, for each    , 

there exists      such that for all      we have 

            . We write      for brevity. 

(ii) A sequence        is called a Cauchy sequence 

if              as       . That is, for each 

   , there exists      such that for all        

we have 

               
(iii) The  ‐metric space       is said to be complete if 

every Cauchy sequence is a convergent sequence 

2. CYCLICAL KANNAN MAPPIGN  

Definition 2.1. Let        
 

 be nonempty closed subsets 

of a  ‐metric space X. An cyclic operator 

  ⋃   
 
    ⋃   

 
    is said to be cyclical Kannan 

mapping if there exists         ) such that 

                                   (2.1) 

for all                    
 

Theorem 2.2.Let       
 

 be a nonemptyclosed subsets 

   complete ‐metricspace andsuppose  ⋃   
 
    

⋃   
 
   isacyclicalKannanmapping. Then 

(i)  has a uniquefixedpoint   ⋂   
 
     

(ii) ThePicarditeration    given by           
 convergesto  foranystartingpoint   ⋃   

 
     

(iii) Thefollowing estimates hold 

            
   

   
                 (2.2) 

             
   

 

   
                    (2.3) 

where  
 

   
   

(iv) Therate of convergence of Picarditerationisgiven 

by 

                           
       (2.4) 

where  
 

   
    

 

Proof: Let   ⋃   
 
   . Then there exists   

            such that       and from the definition 

of cyclical mapping,            . Using (2.1), 

we get, 
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where  
 

   
 and      , since         ) 

                         

By induction, 

                                 

Hence, for each          , we obtain, 

              ∑  

     

   

            

                       
                 

                   
                   

          
                  

             
         

   
                          

 

Then     as    . Thus,      is a Cauchy 

sequence in ⋃   
 
   , a subspace of a  ‐complete 

metric space. Hence,      converges to some point 

   ⋃   
 
   . By the cyclic mapping, the sequence 

     has a number of terms in each               . 
Therefore,    ⋂   

 
       

 

Now, we show that    is a fixed point of  . Let 

            be such that      and         . 

Then, by definition of  ‐metric space and (2.1), we 

get, 

                              
              

   
                 
                
              

    
                    

                  
              

   

As    , we obtain 

                

Thus,    is the fixed point of  . To prove the 

uniqueness, we assume that    ⋂   
 
    is another 

fixed point of   such that      and       . From 

(2.1) we have, 

                           
                                

 

Therefore,              . Hence,   has a unique 

fixed point. 

 

Letting     in (2.5), we obtain (2.2). Taking 

       and      in (2.1) we obtain, 

                  
                      
               

                               

 

where  
 

   
 and consequently, 

                                           
which yields, 

              ∑  

   

   

                   

 ∑     

   

   

                

        
                    

 
       

   
                 

Letting     we obtain the posteriori estimate (2.3). 

Let            and           . By definition of 

 ‐metric space and (2.1), we obtain, 

                                     
                        
                      

            
                        
                        

                 

                        
                                    

or all                , where   
 

   
. Taking 

      and     , we obtain the inequity (2.4). 

This completes the proof. 

  
Example 2.3.Let   withthestandard ‐metric. 

Assume               and  

⋃   
 
    Characterize     suchthat   

  

       , 

forall          . Obviously⋃   
 
   isacyclic 

representation of  withrespecttoT. Thatis,       
      
For any     andany      , we have, 

             |     | 

  |
 

       
 

 

       
| 

 
 

    
 | |  | |  

 
 

    
(| | |  

 

       
|

 | | |  
 

       
|) 

 
 

    
(|   

 

       
|

 |   
 

       
|) 

 
 

    
 |    |  |    |  

 
 

    
                        

Hence,   satisfies all conditions of Theorem 2.2and 

has a fixed point            
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3. COUPLED FIXED POINT THEOREM 

FOR CYCLICAL KANNAN MAPPING 

We now introduce a new mapping called a cyclic 

coupled Kannan type contraction in the setting of 

 ‐metric space. 

 

Definition 3.1.Let       
 

 be non empty closed subsets 

of a  ‐metricspace      . A mapping      
 issaidto be a cyclic coupled Kannan type contraction 

with respect to⋃   
 
   if 

 iscyclicwithrespectto⋃   
 
   , for some         ), 

                       
                
                                   

where                 
 

Theorem 3.2.Let        
 

 be nonempty closed subsets 

of a    plete ‐metricspace       . Let        

be a cyclic coupled Kannan type 

contractionwithrespectto⋃   
 
   and⋂   

 
    

  Then  has a strongcoupledfixedpointin⋂   
 
     

 

Proof: Let       and         be any two points 

and let the sequences      and      be defined as 

                                  .   (3.2) 

Then, for all          and        . By (3.1), 

we have 

             (             ) 

  (                         ) 

                    
                  

                            

Where   
 

   
and      , since         ), 

which implies that, 

                        (3.3) 

using (3.1), we have 

             (             ) 

  (                         ) 

                    
                  

                          

This implies, 

                          (3.4) 

Again by (3.1), (3.4) and (3.3), we get 

                                         (3.5) 

                                         (3.6) 

                                         (3.7) 

                                         (3.8) 

Let   be any integer. 

                                
              ,   (3.9) 

                                
             (3.10) 

for all     where   is odd and 

                                
              ,   (3.11) 

                                
               (3.12) 

for all     where   is even. 

Let   be even. Then by (3.1) and (3.2), we have 

                   (                   ) 

  (
                  

          
) 

                 
                      

by (3.12), we have 

                  
 

   
              

                  
Similarly, by (3.1) and (3.2), we have 

                                         

                                

                                               
by (3.11), we have 

                  
 

   
              

                  
Let   be odd. Then by (3.1) and (3.2), we have 

                                         

                                

                                    
by (3.10), we have 

                  
 

   
              

                  
Similarly, by (3.1) and (3.2), we have 

                                         

                                

                                    
by (3.9), we have 

                  
 

   
              

                 

Thus              hold for    . But we have 

shown in (3.3),             this is valid for   
       Then, by induction, we conclude that       
       are valid for all    
From the above we conclude that, for all odd integer 

 , we have 

                                
              ,       (3.13) 

               (              ) 

                
and for all even integer  , we have 

                                
              , (3.14) 

               (              ) 

               
Using (3.1), we obtain 

             (                         ) 
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Again, using (3.1), we have 

             (                         ) 

                           
                             

(by (3.3) and (3.4)) 

                                        
              

                                         

 
 

   
                           

            
  

   
                         

(3.16) 

Fix for some integer    

            
  

   
                         

(3.17) 

Let   be odd. Then, using (3.1) and (3.2), we have, 

                 
                              

                                
                                       ) 

 
    

   
                        

Again, let   be even. Then, using (3.1 and (3.2), we 

have, 

                 

  (                         ) 

                                
                                

           ) 

 

 
    

   
                        

Therefore, (3.17) also holds if we replace  by    . 

Then, by induction, for all  , it follows that 

            
  

   
                         

(3.18) 

Now, by (3.13), (3.14) and (3.18), we obtain, 

                            
                            
                            
                           
                               

 
   

   
                         

                              
Since      , it follows that ∑              
∑               . This implies that      and 

     are Cauchy sequences and hence are convergent. 

Since    and      are closed subsets,        , and 

         , it follows that 

                 as    .   (3.19) 

Again, from (3.17),               as      
Therefore, from (3.18), 

      (3.20) 

 

Since, ⋂   
 
     , then from the above it follows 

that          Now, by (3.1) and (3.2), we have 

 (          )              

  (                ) 

             

  (                        ) 

                             
                

              
 

   
             

 
 

   
             

Taking limit as    , and using (3.19) and (3.20), 

we obtain                . Thus, we conclude 

that         . Hence   has a strong coupled fixed 

point. 

 

Example 3.3.Let     with the standard  ‐metric 

defined as          |   |  |   |. Let    
      and         . Then    and    are nonempty 

closed subsets of X. Let         be defined as 

      

 

{
 

 
  

 
    (

  

       
)              

         

 
    (

  

       
)              

 

Obviously    and    are cyclic portrayal of 

 regarding    
For any      and any     , we have, 

 (                    )   |             | 

 
 

 
[
|       (

  

       
)|

 |     (
  

       
)|

] 

 
 

 
 | |  | |  

 
 

 
[| | |      (

  

       
)|  

 | | |      (
  

       
)|] 

 

 
 

 
[|         (

  

       
)|

 |       (
  

       
)|] 

 
 

 
[|          (

  

       
)|

 |          (
  

       
)|] 
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 |        |  |        |  

 
 

 
  |        |   |        |  

                       

 
 

 
              

             

Similarly, we can prove that for any      and 

      
From the above, we observe that the inequality (3.1) is 

satisfied. Thus, all the conditions of the Theorem 3.2 

are satisfied. 

By an utilization of Theorem 3.2, there    a strong 

coupled fixed point of  . Here,       is a strong 

coupled fixed point of  ; that is,           

 
Figure 1:      and     F(0,0)=0 

 

 
Figure 2:       and     F(0,0)=0 
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